The inability to produce two perfect copies of an unknown state is inherently linked with the inability to produce maximal entanglement between multiple spins. Despite this, there is no quantitative link between how much entanglement can be generated between spins (known as monogamy), and how well an unknown state can be cloned. This situation is remedied by giving a set of sufficient conditions such that the optimal Completely Positive map can be implemented as a teleportation operation into a standard, reference, state. The case of arbitrary 1 → N asymmetric cloning of ddimensional spins can then be solved exactly, yielding the concept of 'singlet monogamy'. The utility of this relation is demonstrated by calculating properties of Heisenberg systems, and contrasting them with the results from standard monogamy arguments.
Introduction:
The inability to produce two perfect copies of an unknown state [1] is an intrinsically quantum phenomenon whose profound implications have permeated a vast range of fields. For instance, the founding principle of quantum cryptographic schemes is that an eavesdropper cannot obtain a copy of any shared data without disturbing it in a detectable way, and this is guaranteed by the laws of physics rather than assumptions on the difficulty of computation. As these schemes generalize beyond key distribution to a variety of multiparty scenarios, it will become crucial to understand just what the limits on these disturbances are. Another fundamental concept of quantum mechanics, that of entanglement, has rather parallel properties. In particular, there is the notion of a maximally entangled state between two spins, and it is impossible for a specific spin to be maximally entangled with two other spins simultaneously. This concept of monogamy of entanglement has the potential to achieve a similar level of permeation, conceivably having an impact on fields as diverse as superconductivity [2] , but has so far failed to do so because, of the many different ways of measuring entanglement, a strict inequality relation has only been proven for the tangle [3, 4] , and this particular measure is not a naturally applicable quantity in other branches of physics. Nevertheless, this inequality has proved useful for bounding ground state energies of some condensed matter systems.
Heuristically, the link between cloning and monogamy can be seen by considering a protocol whereby 3 spins are entangled. One follows a teleportation protocol with an unknown state, targeting spin 1. Copies of the unknown state appear on the other two spins, and the quality of the copies depends on how much entanglement was in the original state. Thus, if a particular quality of cloning is impossible, a certain degree of entanglement must be impossible. The inability to concisely express the conditions for optimal cloning of a single input spin onto N copies (1 → N cloning) in anything other than the fully symmetric case [5, 6, 7, 8, 9, 10] , where all clones have the same output quality, has proved a major stumbling block to confirming any such expectations. The study of asymmetric cloning [11, 12, 13, 14, 15] has largely been limited to special cases. An excellent review of the cloning problem can be found in [16] .
In this paper, we demonstrate a sufficient condition on a CP map that allows one to determine its optimal implementation -one can write down a matrix for which the maximum eigenstate is the optimal state to implement telemapping (the process where an input state is teleported into a pre-prepared state, and the outcome is the desired map), and the corresponding eigenvalue is the realized fidelity. 1 → N cloning is an interesting example which we solve in full generality. This allows the formulation of a monogamy-like relation, which we refer to as 'singlet monogamy', for the singlet fractions
of the reduced states ρ 0,n of a many-body state |Ψ , where U and V are arbitrary d-dimensional unitary rotations and
Its utility is demonstrated by contrasting with the use of the original monogamy relation for qubits,
in the calculation of ground state and thermal state properties, where τ is the tangle of the qubits [3, 4] . That such a relation potentially offers significant advantages was observed in [2] . 
and T denotes the transpose. Telemapping, the generalization of telecloning, is the implementation of a suitable map by teleporting the state |ψ in into the input port(s) of a fixed state |Ψ such that each of the output spins can be held by a separate party, each of whom is restricted to performing operations locally. We show that, under certain readily verifiable assumptions regarding the properties of correction operations, the bound of F = dλ can be achieved, and the state |Ψ required is the one that satisfies R |Ψ = λ |Ψ .
Optimal Telemapping: We are interested in using the d 2 Bell states of d dimensional systems, |B i = (U i ⊗ 1 1) |B 0 , to teleport a state |ψ in into the input port of a telemapping state |Ψ . Each Bell projection acts as |B 0 B 0 | ⊗ 1 1 on the state U † i |ψ in ⊗ |Ψ . This leads to a required correction operation V i . Telemapping requires that these V i are a tensor product of local unitary rotations. In order to test how useful the telemapping state is, one calculates the fidelity of the projection of the Bell operators |B i B i | ⊗ 1 1 onto |ψ in |Ψ , i.e. how well the target property Λ out (ψ in ) is reproduced,
Replacing the |B i , and using the fact that
Hence, if the condition
is satisfied for all i, one finds that F = dTr(R |Ψ Ψ|), and the choice of |Ψ that maximizes the fidelity is the maximum eigenvector of R, giving F = dλ, which we already know is the maximum achievable, so must be optimal, i.e. Eqn. (2) represents a sufficient condition that the optimal CP map can be implemented through telemapping. Evidently, catalysis [18] (the use of a resource state to enhance the fidelity of the map) is not a meaningful concept for telemapping; such a catalyst would appear in the definition of |Ψ . In general, the choice of correction operations V i is not obvious a priori. In 1 → N cloning, the choice is clear because any rotation on the input appears on the output, and is readily canceled using
. However, in 2 → N cloning, such arguments only work in the cases where the two inputs are effectively rotated by the same unitary. Otherwise, the distribution of where each input copy appears on the output is unclear, and so we do not know how to compensate for each until the optimal map has been calculated. 1 → N Universal Telecloning: When performing 1 → N cloning, the aim is to transform |ψ in ψ in | to |ψ in ψ in | ⊗N with as high a fidelity as possible. Typically, two different figures of merit are applied, which manifest themselves in Λ out (ψ in ). The first option is the global fidelity, Λ out (ψ in ) = |ψ in ψ in | ⊗N . Instead, we shall henceforth consider the single-copy fidelity i.e. each individual output should have as large an overlap with the input state as possible, which can be assessed using
where the α n can be used to parameterize the desired asymmetry between the clones ( α n = 1, α n > 0), the fidelities F n of the clones being related by n α n F n = F [19] . For universal cloning, where no prior information about the input state is available, the distribution must be taken to be uniform, and |ψ in can be written as U |0 ,
where the integration results in twirling [20] to give
Eqn. (2) is automatically satisfied. For any given set of coefficients {α n }, this matrix can, in principle, be diagonalized. Given that the singlet fraction p 0,n is intrinsically linked with the teleportation fidelity, F n = (p 0,n d + 1)/(d + 1) [21] , this elucidates the optimal trade off between how much of a singlet a particular spin can share with all the others [25] .
To proceed with solving Eqn. (3), we propose an ansatz for the maximum eigenvector of R,
subject to the normalization condition
The state |Φ is the (normalized) uniform superposition over all permutations of |B 0 ⊗(N −1)/2 for odd N , and
where γ n,m = (1 + δ n,m (d − 1)) /d, which means that |Ψ is an eigenstate of R provided
Thus, to relate the {α n } to the {β n }, one just has to find the maximum eigenvector of an N × N matrix n,m α n γ n,m |n m|. This does not prove that it is the maximum eigenvector of R. Let us, however, proceed under that assumption. The singlet fractions of |Ψ are
After some rearrangement, the {β n } can be eliminated by substituting for {p 0,n } in Eq. (5), yielding the equality of the 'singlet monogamy' relation for the singlet fractions of the cloners,
The inequality can be derived by assuming equality and solving the quadratic equation for the maximum attainable value of the largest singlet fraction given the other values of singlet fraction [26] . The special case of 1 → 2 cloning is depicted in Fig. 1 .
We are now in a position to compare Eqn. (6) to previous results. Setting all the p 0,n equal returns the known result for universal symmetric cloning of
Similarly, the 1 → 1 + 1 + 1 and 1 → 1 + N qubit cloners [12] can be found. The latter case was parametrized as Application of Singlet Monogamy: There are many situations where singlet fraction is a more relevant parameter to estimate than the tangle, and thus no-cloning bounds give much tighter results. Consider, for example, the Heisenberg model on a regular lattice of coordination number c and N spins.
for which we might like to bound the ground state energy. The ground state can be taken to be |Ψ , with energy per site E = Ψ| H Heis |Ψ /N . However, this can be rephrased as simply the sum of singlet fractions of |Ψ for all nearest-neighbor pairs,
The ground state must reproduce the translational invariance of the Hamiltonian, so all the singlet fractions are equal, E = 1 2 c(1/4−p). By assuming monogamy, the tangle possible between a pair of neighboring sites is τ ≤ 1/c, which yields p ≤ 1 2 (1 + 1/ √ c). By contrast, the singlet monogamy relation for qubits reveals that p ≤ 1 2 (1+1/c), giving a much tighter bound for E. This same bound has previously been achieved in [22] , which used the technique of dividing the lattice into small repeating units, and diagonalizing the corresponding Hamiltonian [23] the sum of ground state energies of blocks of terms is a lower bound to the overall ground state energy. These small blocks of Hamiltonian are precisely those used for the calculation of the optimal cloner in Eqn. (3), so the apparent coincidence is no such thing. Differing coupling strengths along different spatial directions can be accounted for using asymmetric cloning, and performing an optimization over the asymmetry parameters.
A feature of our formulation is that spin 0 is taken to be maximally entangled with the other spins. In comparison, the monogamy relation of Eqn. (1) allows an arbitrary value for τ (ρ 0,1...N ), although it is often hard to determine, and commonly set to its maximal value of 1 for qubits. For a translationally invariant spin-1 2 system with magnetization S n along direction n, the tangle τ (ρ 0,1...c ) ≤ (1 − S n 2 ) 2 , which can be used to impose a bound on the singlet fraction, and thus the validity of a mean-field approximation of the energy of a Heisenberg Hamiltonian,
Crucially, as the coordination number increases, the accuracy, ε, of the mean-field approximation improves. Although singlet monogamy has no way to incorporate the bound on τ , we still arrive at
which is a better bound for S n 2 ≤ 1 − 1/ √ c, proving that the mean-field approximation converges even faster with increasing coordination number. Potentially, one could choose a telecloning state |Ψ such that Tr(R |Ψ Ψ|) is maximum under the constraint that |Ψ has some specific entanglement, which would serve to relax this property. This is left open for future study.
Conclusions: In this paper, we have given a sufficient condition that the optimal implementation of a CP map can be achieved through telemapping. The problem of universal 1 → N cloning with arbitrary asymmetries and spin dimensions is one such example, and thus the calculation of the optimal fidelity is reduced to the diagonalization of a simple matrix. Strong analytical and numerical evidence suggests that Eq. (4) gives the maximum eigenvector of this matrix, yielding Eq. (6), a new monogamy relation for singlet fractions for qudits of any local Hilbert space dimension. Singlet fraction is a physically relevant parameter in many settings, and such a relation can significantly outperform the original monogamy inequality, which is only applicable to qubits. We have demonstrated this with some simple examples for calculating the properties of Heisenberg Hamiltonians.
We note that this formalism is not limited to solving the case of universal cloning. Instead, one can introduce an arbitrary distribution function. In the case of qubits, with |ψ in = cos(θ/2) |0 + sin(θ/2)e iφ |1 , restricting to the distribution function f (θ, φ) = f (θ) with π 0 cos θf (θ)dθ = 0 is sufficient to satisfy Eqn. (2) , and it turns out that a single state suffices to clone all such cases where the classical bound can be exceeded. Furthermore, the state can be efficiently produced on a quantum computer [24] . The formalism also does not allow for any ancilla qubits, which means that no 'anti clones' appear, as has been the case in previous studies. The interesting questions for the future are whether the formalism can be applied to other CP maps that one may want to implement, what monogamy equivalents these yield, and whether the singlet monogamy relation can be adapted for the non-maximally entangled situation. derstood as wanting to maximize F = P n αnFn = P n αn(p0,nd+1)/(d+1) under the constraint P n αn = 1, which is equivalent to demanding the state |Ψ which optimizes its overlap with P n αn(|B0 B0| 0,n d+1)/(d+1). That state must be the maximum eigenvector of R. 
